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Francfort and Marigo’s Variational Approach to Fracture 
Modern view of Griffith’s theory:


Displacement field  and crack set  given as unilateral  
minimizers of a free-discontinuity energy:


 

amongst all admissible displacements fields  and all crack sets .

 

: linearized strain, 
: strain energy density, 


: fracture toughness, 
: —dimensional Hausdorff measure.

u Γ

u(t) Γ(t) ↗ t

e(u)
W (e(u)) := 1

2 Ae(u) ⋅ e(u)
Gc
ℋn−1 n − 1
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Γ?
Γ?

Γ?

Γ?

ℰ(u, Γ) := ∫Ω∖Γ
W(e(u)) dx + Gcℋn−1(Γ)



Francfort and Marigo’s variational view of Griffith’s criterion:


,  


Phase-field approximation: , :


|




Unilateral global minimization:




-convergence of  to  + compactness of  ⟹ convergence of minimizers.


AT1: 

ℰ(u, Γ) := ∫Ω∖Γ
W(e(u)) dx + Gcℋn−1(Γ) W(e(u)) := 1

2 Ae(u) ⋅ e(u)

ℓ > 0 0 ≤ α ≤ 1

ℰℓ(u, α) := ∫Ω
a(α)W(e(u)) dx +

Gc

4cw ∫Ω

w(α)
ℓ

+ ℓ |∇α |2 dx

a(0) = 1, a(1) = 0, w(0) = 0, w(1) = 1, cw = ∫
1

0
w(s) ds

(ui, αi) = arg min
v,αi−1≤β≤1

ℰℓ(v, β)

Γ ℰℓ ℰ ℰℓ

ℰℓ(u, α) := ∫Ω
(1 − α)2W(e(u)) dx +

3Gc

8 ∫Ω

α
ℓ

+ ℓ |∇α |2 dx

Variational phase-field approximation
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Fortran90-2008, unstructured 2D/3D parallel finite elements.

• PETSC solvers, mesh management, I/O.

• Many variants of AT models, unilateral contact models.

• Perfect plasticity coupled with damage / fracture.

• Steady state / transient heat transfer coupled (one way) to fracture.


Main solver: time discrete alternate minimization (block Gauss-Seidel).

• Globally stable, monotonically decreasing energy, convergence to a critical 

point.

Other solvers: semi implicit gradient flows, quasi-Newton solvers, backtracking 
algorithm (optimality conditions in trajectory space).

Open source (BSD license) since 2014: 

DOI:10.5281/zenodo.4290835  
https://github.com/bourdin/mef90  
dockerhub: bourdin/mef90ubuntumpicho

Numerical implementation: mef90/vDef

5mcmaster.ca |December 2, 2021

ℓ = 0.15

ℓ = 0.0075

https://doi.org/10.5281/zenodo.4290835
https://github.com/bourdin/mef90
https://hub.docker.com/r/bourdin/mef90ubuntumpicho


mcmaster.ca |

Variational Phase-Field fracture
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Experimental validation of a phase-field model for fracture 97

Fig. 16 Geometry for a
modified compact tension
specimen with crack under
mixed-mode I+ II loading
(left), and the final crack
path for specimen CT_31
(right)
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Fig. 17 Experimental results for mixed-mode I+ II loading of
specimens CT_31, CT_32 and CT_33 with the initial straight
cracks of length a = 13.47, 14.01, 12.98mm, respectively (the
hole is located at b = 15.80mm). a The crack paths are plotted
(the reference is taken to be the tip of the notch). b Load versus
COD. First, the CT specimens were loaded to grow the straight
mode I cracks of initial length a (family of curves labeled Step
1). Then, a hole was introduced into these specimens and they
were reloaded (family of curves labeled Step 2)

with the initial crack length measured from the fracture
surface. Thismesh contains approximately 52,000 hex-
ahedral elementswith only one element in the thickness

direction with periodic boundary conditions imposed
in this direction. The region that contains the expected
path of the crack was meshed with very small element
size of h = l0/4, where l0 = 100µm; both structured
and unstructured mesh geometries were used in order
to evaluate potentialmesh effects on the crack path. The
initial natural crack which was generated by the razor
blade impact in the experiment is modeled by prescrib-
ing the phase-field nodal value to zero for nodes on
the central line element within the initial crack length.
The simulationwas performed by incrementing the dis-
placements at the nodes corresponding to the loading
pins in the experiment (identified as points A and B
in Fig. 18). This simulation was run on 80 processors;
and it took about 2h to complete (each staggered iter-
ation took about 500 iterations to converge). The sim-
ulation results and comparison with experimental data
for specimen CT_24 are shown in Fig. 19, where the
load-COD variation as well as the crack length vs COD
variation are shown. The crack “tip” in the phase-field
simulation was identified as the farthest location from
the notch, along the initial crack line at which the phase
field parameter reached its critical value cc. The load-
COD curve from the simulation matches the experi-
mental result very well, with an initial elastic response
of a stationary crack up to a CODof about 0.16mm and
then followed by a drop of the load as the crack begins
to grow. Crack growth followed the line of symmetry
for this mode I loading condition; the load-COD curves
from both simulation and experiment agree well with
each other during this stage. Considering the fact that
repeated experiments on nominally the same geome-
try resulted in crack initiation at different critical lev-
els, (mainly as a result of possible bluntness and other
irregularities of the crack tip) both load-COD and crack
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Nucleation and 
Scale effects

8
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Strength vs. toughness in Griffith theory
Crack nucleation is governed by strength,  

propagation is governed by toughness.  
Griffith’s formalism cannot account for both.


Singularity near a re-entrant corner in mode-I:

• 


• 


• 


Stability of a infinitesimal crack increment:

• Nucleation only possible if  ( ).


Strength-based nucleation criterion:

• Nucleation for any load  unless .

• No localization if  (no corner).

u(r, θ) = σ∞𝒪 (rλ(ω))
σθθ(r, θ = 0) = σ∞𝒪 (rλ(ω)−1)
ℰ(ρ) = σ2

∞𝒪 (ρ2λ(ω))
λ(ω) = 1/2 ω = 0

σ∞ > 0 ω < π/2
ω = π/2

9
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Nucleation in AT1 (Tanné et al JMPS, 2018)
Nucleation at a V-notch
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Nucleation in AT1 (Tanné et al JMPS, 2018)
Nucleation at a V-notch
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Nucleation in AT1 (1D)
AT1 energy in 1D:





First order necessary conditions for optimality:


With respect to :


.


With respect to : 


ℰℓ(u, α) :=
1
2 ∫

L

0
(1 − α)2E(u′￼)2 dx +

3Gc

8 ∫
L

0

α
ℓ

+ ℓ(α′￼) |2 dx

u

[(1 − α)2Eu′￼]′￼ = 0

α
≥ 0 if α = αi−1

−(1 − α)E(u′￼)2 +
3Gc

8 ( 1
ℓ

− 2ℓα′￼′￼) = 0 if αi−1 < α < 1

≤ 0 if α = 1

12
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Nucleation in AT1 (1D)
Solutions of the NCO (cf. Pham et al JMPS 2011, Meccanica 2016, …):


Elastic branch: , only if . 


Homogeneous damage: , only if .


Partially localized:  smooth, non-constant, .  


Fully localized:  piecewise constant,  optimal profile for AT1:


ut(x) = tx, αt(t, x) = 0 t ≤ te :=
3Gc

8Eℓ

ut(x) = tx, αt(x) = 1 −
3Gc

8ℓEt2 t ≥ te

αt(x) max
x

αt(x) > 0

ut(x) αt(x)

αt(x) = ( |x − x0 |

2ℓ
− 1)

2
 if  |x − x0 | ≤ 2ℓ,

0  otherwise.

13
0.0 0.2 0.4 0.6 0.8 1.0

0

1
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Nucleation in AT1 (1D)
Stability analysis: (cf. Pham et al JMPS 2011, Meccanica 2016, …):


Elastic branch is stable if , . 


Homogeneous damage, partially localized branch are unstable.

Fully localized branch is stable.


Link internal length and tensile strength: 

t ≤ tc = te :=
3Gc

8Eℓ
σc = σe =

3GcE
8ℓ

ℓ = 3
8

GcE

σ2
c

= 3
8

K2
I,c

σ2
c

14
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tês
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Elastic phase:
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Softening: 
↵ cst, ↵̇ > 0

Full localization

tc

�c
AT



Stress or energy criterion?


First order necessary conditions for optimality:


 + BC.





Elastic state possible if , homogeneous states are unstable.


No construction of localized solutions (other than 1D).


Analysis of general case is lacking.


Loss of link with fracture, theoretical framework for evolution, uniqueness.

−∇ ⋅ [(1 − α)2Ae(u)] = 0

≥ 0 if α = αi−1

−(1 − α)W(e(u)) +
3Gc

8 ( 1
ℓ

− 2ℓΔα) = 0 if αi−1 < α < 1

≤ 0 if α = 1

W(e(u)) ≤
3Gc

8ℓ

mcmaster.ca

Nucleation in AT1 (Tanné et al JMPS, 2018)
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Fracture of 
Heterogeneous 
Materials
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Fracture in heterogeneous materials

Goals:


Understand toughening mechanisms:


Compute “effective” fracture properties of heterogeneous materials.


Design materials with “extreme” fracture properties.


17

58 R.O. Ritchie

Figure 3. Schematic illustration of the mechanisms of extrinsic toughening, involving crack deflection and
crack-tip shielding by inelastic zone or contact between the crack surfaces (Ritchie, 1988).

critically dependent on crack size and (to a lesser extent) geometry; they are responsible for
the development of resistance-curve (R-curve) behavior and thus play a prominent role in
the driving forces required for continued growth of the crack. The implications of this are
that where extrinsic shielding mechanisms are active, rising R-curve toughness behavior and
‘small-crack’ effects are to be expected, both phenomena resulting from the crack-growth
properties being dependent upon crack size. Moreover, since extrinsic mechanisms can have
no effect on crack initiation (since there is no crack wake), the microstructural factors affecting
(large) crack growth may be quite different from those affecting crack initiation (or small crack
growth).
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Deflection and meandering Shielding / micro cracks Pinning and bridging

at their interfaces.30 The 3rd-order lamellae have
been shown to consist of a finely twinned structure.
Younis et al.30 showed that the 3rd-order lamellae are
formed from 4th-order nanoplatelets. Unlike the
organic material found within nacre tablets, there
has been no evidence for presence of organic within
the 3rd-order lamellae.

The mechanical properties in a variety of crossed-
lamellar gastropod species have been investi-
gated.11,31,32,35–41 During loading (e.g., from an
impacting predator), the primary mode of energy
dissipation is in the redirection/generation of cracks
within the shell. As a growing crack approaches an
aragonitic plank, it can either (I) travel along the
length of the planks, causing them to delaminate
(i.e., weak/easy direction of propagation) or (II)
propagate through the lamella causing brittle frac-
ture. As cracks propagate through lamellae,
the material is able to maintain its structural
integrity via crack bridging.31,32 The toughness of
the macroscopic layers alternates from weak to
tough and back to weak. The resulting laminated
structure, composed of alternating directions of
planks, can cause crack redirection at the interfaces
because each of the shell layers is perpendicular to
the adjacent layer, when a crack propagates down
the easy direction of one layer, it is redirected at the
interface of the next layer. In the other case, when
cracks propagate through 1st-order lamella, they
produce a rough then smooth pattern, evidence of
the fracturing through and the delamination of

2nd-order lamella.32 The orientation and arrange-
ment of the 1st-order lamella and the macroscopic
layering within the shell are responsible for the
enhancement of the work of fracture.32

Multiple energy dissipation mechanisms within
crossed-lamellar shells contribute to the observed
superior work of fracture. Kamat et al.32 modeled
the role of multiple ‘‘tunnel’’ cracks formed in the
weak inner layers of the Strombus gigas shell and
identified that they are formed with relatively low
total loads, and they could only account for a frac-
tion of the total energy required to fracture the
shell. The tunnel cracks form at the 1st-order
lamellae interfaces within the weak layer and
propagate until they reach the interface of the tough
middle layer (Fig. 6a), after which new tunnel
cracks are generated within the weak layer.32 The
work of fracture and the crack density at failure are
correlated to the ratio of the toughness of the
‘‘tough’’ layer to the weak layer.42 To produce
multiple tunnel cracks within the weak inner layer,
the ratio of toughness between the layers must be
greater than 2. The toughness ratio for the crossed-
lamellar structure within S. gigas has been experi-
mentally determined to be between 2.5 and 3.0.31,32

The formation of multiple tunneling cracks in the
weak layer is responsible for an order of magnitude
increase in toughness. The toughness gained from
the formation of multiple tunnel cracks due to a
difference in layer strengths is limited by the crack
density saturation, which prohibits the formation of

Fig. 4. (a) Four possible mechanisms for energy release for tablets in shear (in increasing energy required): (i) Fracture of aragonitic tablets, (ii)
severing of mineral bridges, (iii) tablet sliding over surface asperities, and (iv) shearing of the organic matrix.24 (b) Resulting tablet pull out from
nacre specimen under tension.24 (c) Role of dovetailing to delocalize strain and produce progressive hardening.16 (d) Schematic of vertical
displacement due to shearing.16

Salinas and Kisailus476

Yang Gupta ‘11

Salinas Kisalius, ’13.

Ritchie, ’99

MR41CH03-Wang ARI 27 May 2011 8:59
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Figure 2
Hierarchical structure of bone (left) and nacre (right). Human cortical bone consists of cylindrical Haversian
systems (a). Each Haversian canal is surrounded by multilayers of bone lamellae (b). Each lamella (∼10 µm
thick) has a rotated plywood structure in which the mineralized collagen fibrils (∼100 nm in diameter) rotate
from the transverse direction to the longitudinal direction across five sublayers (c). Inside each mineralized
collagen fibril (d ) are well-aligned nanoscale mineral platelets that grow from the hole zone between triple-
helical collagen molecules (e). Extrafibrillar minerals and noncollagenous proteins cement the fibrils together
(d,f ). Nacre has a brick wall structure ( g). Each “brick” is a polygonal aragonite tablet ∼0.5 µm thick and
8 µm wide (h,i ) (21) and consists of crystalline nanograins inside (k). The 1 and 2 in panel i denote that those
areas are enlarged in panels k and l, respectively. The arrows in panel i denote nanoasperities on the tablet
surface, which interpose with those from neighboring layers (see the high-resolution transmission electron
microscopy image in panel j). Organic macromolecules such as chitin, silk fibroin proteins, and other
glycoproteins cement the tablets together. Panels b and c reprinted from Reference 68, copyright c© 1999;
panel e adapted from Reference 70, copyright c© 1993; and panel f reprinted from Reference 174, copyright
c© 2006—all with permission from Elsevier. Panel j reprinted from Reference 81, figure 1, with permission

from the Royal Society. Panel k adapted from Reference 85 with permission from the American Chemical
Society.
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Giacomini-Ponsiglione ’06, Friedrich-Perugini-Solombrino ’22, Γ-convergence of 
Griffith’s fracture energy (static, then quasi-static evolution).


Elastic and fracture properties homogenize separately, toughening is 
impossible 


Toughness layering, M.I.L.:





Griffith criticality:


G(t, l) = t2G(1,l)

G(1, l)/Gc(l) =
1
t2

mcmaster.ca

Mathematical view
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Evolution is unambiguous
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Weak to tough transition
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Tough to weak transition
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Global minimality breaks causality
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Tough to weak transition
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Stability + energy balance
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Tough to weak transition
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Problem: Micro-geometry defined by , define  such that  
while accounting for causality, energy barriers, etc.  
“homogenization in trajectory space”.


At the “microscopic” scale, evolution by stable critical points, discontinuous 
evolution, no energy balance: energy barriers.

At the macroscopic scale, periodic elastic energy release rate.


Proposed concept of effective toughness:   

Aε, Gε
c Geff

c Gε
c → Geff

c

Geff
c = lim

ε→0
sup

kε ≤ l ≤ (k+1)ε
G(l)
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 MAX = Macroscopic toughness

Hossain et al, JMPS, 2014.
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Fig. 2. Crack propagation through the layered material. (a) Crack-tip position and J−integral vs. time with E c = 0 . 5 and layer thickness 4. (b) Effective 
toughness vs. layer thickness for two separate elastic contrasts. E s = 1 for all calculations. 

Fig. 3. Crack propagation through the layered material with a channel. (a) Crack-tip position and J−integral vs. time with E c = 0 . 5 and layer thickness 
4. (b) Effective toughness ( G c ) vs. layer thickness (t) for two elastic contrasts. The dashed lines are the exponential fits G e f f 
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c 3 . E s = 1 for all 

calculations. 
force on the crack decreases to zero as it approaches the compliant to stiff interface in the layered material, and thus the 
crack has to renucleate at the interface. This renucleation mechanism is operative only in the layered material. 

We now propose a simple model to estimate the toughening due to stress heterogeneity. Consider a layered microstruc- 
ture of two materials with Young’s modulus E s > E c subjected to a tensile load along the layers. Compatibility dictates that 
the longitudinal strain in both layers to be the same. This implies that the ratio between the stress in a material and the 
average stress is equal to the ratio of the Young’s modulus of the material and to the average Young’s modulus: 
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where 〈 · 〉 indicates the volume average. If the layer thickness is sufficiently large (specifically the K-dominant region is in 
a single layer) and the crack-tip is in material i , then the stress-intensity factor at the crack-tip is proportional to the stress 
σ i in the material i . It follows from Irwin’s formula G = (1 − ν2 ) K 2 I 

E that the energy release rate 
G i = C | σ i | 2 

E i = C 〈 σ 〉 2 
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〈 E〉 = G i macro E i 
〈 E〉 "⇒ G i 

G i macro = E i 
〈 E〉 (6) 
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Toughness describes the ability of a material to resist fracture or crack propagation. It is demon-
strated here that fracture toughness of a material can be asymmetric, i.e., the resistance of a medium
to a crack propagating from right to left can be significantly di↵erent from that to a crack prop-
agating from left to right. Such asymmetry is unknown in natural materials, but we show can be
built into artificial materials through the proper control of microstructure. This paves the way for
control of crack paths and direction, where fracture – when unavoidable – can be guided through
pre-designed paths to minimize loss of critical components.

PACS numbers:

It is not uncommon for a material system to exhibit
anisotropy in its mechanical properties. It can arise from
the anisotropy of electronic interaction and atomic ar-
rangement, as in the elastic moduli and fracture tough-
ness of crystalline solids. Anisotropy is also widely ob-
served in both natural (e.g. sea shells, wood) and engi-
neered (e.g. fiber-reinforced composite) materials. The
medium inherits its anisotropy from the orientation of
the heterogeneous structure. A straightforward example
is layered composite systems: here, both elastic sti↵ness
and failure strength can be drastically di↵erent depend-
ing on whether or not the direction of loading is into or
out of the plane of lamination.

While orientational dependence of properties is com-
mon, it is generally centro-symmetric; the property is
symmetric with respect to reversal of direction. However,
recent work has provided examples of interfacial phenom-
ena where this symmetry is broken. Inspired by nature
where textured surfaces enable butterflies to shed water
from their wings, water striders to glide on water and
plants to collect water, various researchers have devel-
oped gradient surfaces (periodic channels with increasing
width [1, 2]), textured surfaces (with pillars of increasing
spacing [3] or with asymmetric sawtooth patterns [4]) or
surfaces with a unidirectionally slanted nano-rod array [5]
to transport droplets preferentially in one direction ([6]
for a recent review). Textured surfaces have been used
in tribology for directional friction coe�cients [7]. Simi-
larly, it is recently shown that adhesion can be direction
specific ([8–10] in adhesive tapes and [11] using subsur-
face liquid filled microchannels). However, all of these
works concern interfacial phenomena.

In this letter, we show that directional asymmetry ex-
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tends to bulk phenomena, and in particular, to fracture.
This possibility was suggested in numerical simulations
of Hossain et al. [12] by exploiting a material architec-
ture that lacks mirror symmetry. The advent of additive
manufacturing and 3D printing has enabled fine control
of material structure giving rise to what is now often
referred to as ‘metamaterials’. This fine control of mi-
crostructure has been exploited to develop metamaterials
with unusual mechanical properties including those with
chiral [13] character or topologically protected modes [14]
(see [15] for a comprehensive review of 3D metamateri-
als). However, all of this concerns deformation modes
and wave propagation, and the study of failure is limited.
Our work shows that the exploitation of microstructure
can lead to unexpected fracture properties.

The asymmetry of fracture toughness is demonstrated
in a metamaterial consisting of a two-dimensional array
of voids shown in Figure 1. Even though the specimen

FIG. 1: Snapshots of the crack evolution in a metamaterial
consisting of a two-dimensional array of voids exhibiting di-
rectional asymmetry of its e↵ective toughness.

2

and loading are symmetric, the crack propagates from
left to right since the e↵ective toughness in this direction
is smaller than that in the opposite direction. To un-
derstand this, we study crack propagation though such
a medium numerically using a surfing boundary condi-
tion (see Methods and Supplementary Information Fig-
ure S1 for details). The crack propagates in an intermit-
tent manner: it is pinned by each inclusion and conse-
quently requires a higher applied driving force before it
is unpinned when it jumps to the next inclusion. The
e↵ective toughness of the medium – measured by the ef-
fective critical energy release rate – is given by the peak
of the applied driving force (macroscopic energy release
rate given by the macroscopic J-integral), and the com-
puted values are shown in Figure 2 for the various cases
(Further information in Supplementary Information Fig-
ure S2). Note that the e↵ective toughness of the crack
driven in the forward direction is significantly lower than
that of a crack driven in the backward direction. Impor-
tantly, both values are larger than that of the base ma-
terial. Thus, the asymmetry of toughness is not achieved
by embrittling the material in one direction, but rather
by asymmetrically toughening the material in both direc-
tions.

It is known from the study of layered materials that
cracks are pinned and have to renucleate at compliant-
to-sti↵ interfaces [16, 17], but not by sti↵-to-compliant
interfaces. So, the crack can easily enter the inclusion
but has di�culty exiting it. In the forward direction,
it sees a notch where it can renucleate relatively eas-
ily. However, in the backward direction, it sees a flat
interface that it has di�culty penetrating. This causes
asymmetry while retaining superior toughness in both
directions. Designed properly, the asymmetry or di↵er-
ence in e↵ective toughness can be about twice as large as
the toughness of the original medium. Finally, we note
that the e↵ective toughness depends on length-scales or
spacing as observed in both the forward and the back-
ward values,as confirmed in Figure 2, and this is well
understood [12]. Briefly, at very small spacing (smaller
than the length-scale of the so-called K-dominant zone
where the crack-tip senses and explores the stress field),
the crack sees a homogeneous medium and is not pinned.
The amount of pinning, and therefore, the e↵ective prop-
erties increase with spacing before eventually saturating.

To test this idea, specimens of poly-methyl-
methacrylate (PMMA) with a row of triangular voids
were loaded on a rail (see Methods and Supplementary
Information Figures S3 for details). The load-extension
curves in both the forward and backward directions are
shown in Figure 3. In the forward direction, the force
increases steadily till it reaches a critical value at which
point a crack nucleates at the notch and rapidly advances
to the first inclusion where it is pinned. Subsequently, the
crack propagates in an intermittent manner being suc-
cessively pinned and advancing rapidly to the next inclu-
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FIG. 2: Asymmetry in toughness in a metamaterial consisting
of a two-dimensional array of voids computed using the surfing
boundary conditions. E↵ective toughness is normalized by the
value of the base material.
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FIG. 3: Asymmetry in toughness in PMMA specimens tested
on a rail. The insets show failed specimens.

sion. Each jump is accompanied by a load drop and each
pinning phase by a load increase. The propagation in
the backward direction is markedly di↵erent: the initial
crack is nucleated as before but it is strongly pinned by
the first inclusion and the load increases to almost twice
the value required in the forward direction. At this point,
the sample fails catastrophically as a crack nucleates at
one of the corners of the inclusion. While the peak load is
always higher, the crack path in the backward direction
may vary (and is sensitive to the alignment in the load-
ing device). Nonetheless, these data confirm the fracture
diode concept, in which the favored fracture direction in
this metamaterial design is in the forward orientation.
The asymmetry is further established by subjecting a

series of metamaterial designs to uniaxial tension tests.
A centro-symmetric design would fail with a crack prop-
agating in either direction, but an asymmetric specimen
would only fail with the crack propagating in the forward
direction. Four designs were 3D printed with an array of
triangular inclusions as shown in Figure 4 and tested in
uniaxial tension (see Methods and Supplementary Infor-
mation Figure S4 for details). Figure 4e shows a series
of time lapse images of the crack propagating in the for-
ward direction. The figure also shows the statistics of
failure: the vast majority of specimens failed with the
crack propagating exclusively in the forward direction.
Further, fractography (Supplementary Information Fig-
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Conclusions
Phase-field models have demonstrated their ability to handle crack propagation 
in a broad range of materials, loading (including complex multi-physics settings).


Numerical evidence that mode-I nucleation in compressible materials can be 
accounted for.


Open problems:


• Stress (not elastic energy density) nucleation criterion.


• Can nucleation be fully accounted for in a variational setting?


• Can nucleation and Griffith-like energies be reconciled?


• Cohesive fracture? Ductile fracture? Dynamic fracture?


• Mathematical framework for evolution of meta-stable states. Alternative to 
-convergence to connect phase-field models and fracture.


• Rigorous concept of effective toughness.

Γ
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